The bulk point singularity limit of conformal correlation functions in Lorentzian signature acts as a microscope to look into local bulk physics in AdS. From it we can extract flat space scattering processes localized in AdS that ultimate should be related to corresponding observables on the conformal field theory at the boundary. In this paper we use this interesting property to propose a map from flat space s-matrix to conformal correlation functions and try it on perturbative gravitational scattering. In particular, we show that the eikonal limit of gravitation scattering maps to a correlation function of the expected form at the bulk point singularity. We also compute the inverse map recovering a previous proposal in the literature. carlosgiraldo@nbi.ku.dk 
Introduction and motivation
According to the AdS/CFT correspondence [1, 2] , correlation functions in the boundary conformal field theory are equivalently described through scattering processes in AdS. Since the early days of the conjecture a recurrent question has been how to relate the flat space limit of observables in AdS with correlation functions on the boundary's conformal field theory [3, 4] . There are several possible ways to achieve this limit and the convenience of each approach depends on the particular problem one would like to explore. An obvious possibility is to think of AdS as a box of size R that should be rescaled to infinite volume R → ∞ [5, 6] , in this way we also need to rescale energies and spins of the operators inside the correlator to avoid overun those scales with the infinite radius of AdS.
One can also use the remarkable similarity between the Mellin representation of conformal correlation functions and flat space s-matrix as a guide line to figure out a proper limit that takes the former into the latter [7] [8] [9] [10] .
A more recent proposal that have gained some attention over the last couple of years to map scattering amplitudes in flat space to conformal correlation functions in lower dimensions, (even though so far is not completely clear how it connects to AdS/CFT, some discussions towards this conection has been done recently [24] ), is motivated by the asymptotic BMS symmetries in gravitational theories [11, 12] , and is based on the observation that the d-dimensional conformal symmetry can be linearly realized as a d + 2-dimensional Lorentz symmetry which in turns allows to write the plane waves in flat Minkowskian space as an expansion in conformal primary wave functions [13] . For some progress in this direction see [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] Another approach is to consider scattering processes that under certain conditions are very localized in the middle of AdS and therefore are insensitive to the curvature of the space [3, 4, [25] [26] [27] [28] .
A suitable Lorentzian configuration to investigate bulk locality is one in which the operators live inside the Milne cone, such as in particular for a four-point correlation function two of the operators insertions are space-like separate and live in the future light-cone of other two space-like separated insertions, as shown in figure 1. By taking the limit where the Graham determinant of the matrix made up from the insertions distances vanish, the correlation function develops a singularity that pick up the local physics in the bulk. This special singularity has been termed "The bulk point singularity" by [29] . In this paper we follow closely the spirit of [26, 27, 29] and use this particular method in the case of a four point correlation function.
We can in fact have a more general point of view of the bulk point singularity that might allow us to think in applications for theories without a gravity dual. Four-point correlation functions in conformal field theory are usually represented in an operator product expansion (OPE) throughout conformal blocks. Such representation is very reminiscent of the partial wave expansion of the flat space s-matrix. On the other hand, at the bulk point singularity, the conformal blocks are written in terms of spherical harmonic functions, and hence the OPE expansion of the correlation function adopts a similar form as a s-matrix partial wave expansion. In this paper we exploit this similarity to propose a map between these two seemingly unconnected observables. We use this map to compute Witten diagrams at the bulk point singularity from their simpler flat space Feynman diagrams counterpart. By taking advanced of the all-loop resummation of gravitation scattering in flat space at the eikonal approximation 1 , we can compute the corresponding resummation of the leading singularity expansion of Witten diagrams.
The remaining of this paper is organized as follows, in section 2 we review the bulk point singularity limit of a four-point OPE and show how it exposes the associated flat-space scattering.
In section 3 we present a map from the flat-space s-matrix to correlation functions for theories with gravity dual description and test it on the simplest gravitational two-to-two scatterings. In section 4 we apply the aforementioned map to the resummed eikonal gravitational s-matrix. In section 5 we compute the inverse map, namely taking a correlation function to a flat s-matrix and recover a previous conjecture made in [28] . Section 6 contains the conclusions.
Bulk point singularity limit of the four-point correlation function
We want to consider a four-point correlation function of primary scalar operators which for the sake of simplicity we take of having the same conformal dimension. Up to an overall factor, it is a function of cross-ratios only, ,
However, we will find convenient to use instead z = σe ρ ,z = σe −ρ , where σ and ρ can be written in terms of the operator positions as,
We then represent the cross-ratios dependence of the correlator in terms of an operator product expansion,
4)
We would like to consider the lorentzian configuration depicted at figure 1 and look near the region ρ << 1. It turns out that in the given kinematics, the correlator develops a singularity at ρ = 0 [25] which as been termed as "the bulk point singularity" by [29] . In order to understand this configuration, it would be convenient to parametrize the operators positions in embedding coordinates on M d+2 as
The singularity can be approched by analitically continue the global time at the configuration shown in figure 1 as τ → τ − iξ [25, 27] . Choosing the points to be located at
with ξ small.
The cross-ratios in this positions are then given by,
where we have taken the small ξ limit.
This parametrization provides us with a nice picture for the conditions under which the singularity is developed. In order to satisfy ρ = 0, the condition det(P i · P j ) = 0 should be satisfied.
This happens if the vectors P i are linearly dependent or if they form a null manifold. At the particular locations (2.6) the vectors or "momentums" P i are automatically conserved at ξ = 0 and are ortogonal to the bulk-point X = (0, 1, 0 d ). However more generally, the matrix S ij ≡ P i · P j being singular, has a zero-eigenvector. Following [29] , we can define n i as the null vector obtained from P i by removing the second entry such as they are still ortogonal to the bulk point X = (0, 1, 0 d ).
The entries of the zero-eigenvector can be choosen by
where the tilde means the determinant is taken by removing column b. The zero-eigenvector k a , a S ia k a = 0 , (2.9)
can be used to choose a set of conserved momentum by p i = k a n i .
Going back to the conformal partial wave expansion (2.4), at the bulk point singularity regime it is dominated by large values of the exchanged operator conformal dimension. Hence, in order to use the proper OPE representation we need to analytically continue the euclidean conformal blocks to the lorentzian bulk point kinematics (2.6) and then take the large ∆ limit, while keeping ξ∆−finite. This has been explicitly done in [29] and we borrow their result here,
The conformal block expansion for the four-point function can be then approximated at the leading singularity as,
where we have denotedp ∆, as the large ∆ approximation for the OPE coefficients p ∆, . We can see that every individual conformal block develops a singularity ξ 3−d 2 , and therefore in general we might expect a stronger singularity on the four-point correlator since we have to sum an infinity number of blocks, unless some very precise cancellation occurs, as for example for the case of free conformal field theories, which of course does not develop a bulk point singularity.
We can rewrite the correlator in a more illuminating way as,
One immediately recognize that the expression in parenthesis looks like a s−channel (d + 1)−flat space partial wave expansion of a s-matrix up to an arbitrary global function h(∆). In the following section we will show what this function would be for gravitational dual theories. 2 We therefore define,
where we have make the natural identification of the center of mass energy to the conformal dimension of the operator exchanged √ s = ∆ and have normalized the Gegenbauer polynomials in a more convenient way as,
We therefore conjecture the following relation between the flat-space S-matrix and the associated correlation function at the bulk boundary point,
or more conveniently,
where the identity has been absorbed in the redefinitionÃ d (ρ, φ) and given the fact that the sum is dominated by large values of ∆ we have replaced it by an integration.
Notice that up to this point we have not made any assumption on the nature of the exchanged operators, other that they have large dimension. Perhaps the most subtle question is if we indeed can interpret the coefficients e −iπ∆p ∆, as the corresponding partial wave coefficients for physically sensible flat space s-matrix. If that is the case, we should be able to write it as,
where δ is the phase shift, which we are taken as complex such as the imaginary part corresponds to the inelasticity.
Mapping for gravitational dual theories
In this section we would like to go back to (2.13) and specialize it to large N theories with gravity dual in order to explore the bulk point singularity limit for correlations functions corresponding to
Witten diagrams by using flat-space s-matrix.
As in [27, 29] we will assume that the main contribution to the bulk point limit of this correlators comes from the exchanging of double twist-operators with classical dimension ∆ clas = ∆ ϕ + 2n + and which are present in the operators spectrum of any conformal field theory in d > 2 [35, 36] .
The resulting computation will prove that this is indeed the case. The OPE coefficients for those double-twist operators, have the following form [27, 37] 
which for large ∆ can be approximated as (with 2h = d) 3
We can then rewrite the OPE as,
So for large N theories we conjecture the modified map, 4
The reason why we need a specialized map for the case of theories with gravity dual is that in such case double trace operators contribute at large N and strong coupling at the same order as single trace operators and they are actually the main contribution near the bulk point singularity,
whereas for generic regular theories we don't expect double twist operators contributions but only single trace operators with large ∆ 5 .
Contact Witten diagrams at the bulk point
In what follows, we would like to consider very simple flat space s-matrices and check if the map proposed above lead us to the expected results.
The simplest diagram is the one associated to a quartic contact term T (d+1) = λ, being λ the coupling at the vertex. Putting this into the proposed map (3.5) yields,
The type of integral we have to perform has the form,
leading us to,
where we have used
Which up to an unimportant normalization factor is exactly the behavior of the contact Witten diagram in AdS d+1 at the bulk point singularity, as has been shown in [25] . 5 Excluding free theories and special supersymmetric theories with susy-protected double trace operators Figure 2 : t-graviton exchanged between two scalars
Scalar exchange
As we have discussed in section 2, the bulk point regime explores large energies ∆ >> ∆ ϕ 6 , therefore we can approximate the exchange propagator to be massless. A scalar exchange in flat space is given by,
where we have used,
Putting it back into (3.5), lead us to an integration (3.8) with α = −1 resulting in,
which again is the expected behavior of an scalar exchange Witten diagram [38, 39] at the bulk point singularity limit.
Graviton exchange
Now consider two energetic scalar particles scattering gravitationally in flat space as in figure 2 .
We are going to borrow the expressions from [40] (see details there and references therein).
In the case of four-scalars of equal mass m interacting gravitationaly through a single graviton exchange we have,
with 15) and κ 2 D = 8πG d+1 . In the large s−limit,
16)
This expression can as well be easily computed by gluing two three-vertex tree level amplitudes connected by a massless propagator. Namely, for large s there is an effective vertex κ D s and the t−channel graviton propagator gives a contribution of 1 t as shown in figure 2. By using (3.12) the scattering can be rewritten in terms of the energy as,
Putting this into (3.5) we have,
(3.18) leading us to,
The corresponding correlator associated to the Witten diagram for a graviton exchange minimally coupled to the external scalars has been computed in [38] . .
(3.21) or equivalently,
The dominant contribution at the bulk point singularity, will come from the D-function D 4455 , which behave has (see appendix [25] )
giving us the following behaviour for the leading bulk-point singularity of the supergravity com- Figure 3 : t-two graviton exchanged between two scalars putation,
and which up to a normalization factor, match the result obtained from the flat space s-matrix mapping.
One loop box
Encouraged by the observations above, we push forward and see if the proposed map translates the perturbative loop expansion in the flat-space scattering to the corresponding perturbative expansion of Witten diagrams at the bulk point limit. For that we now consider the box one-loop contribution at the eikonal limit as shown in figure 3 , again borrowing the results from [40] .
which in the large s limit can be taken as,
putting this back into (3.5) we get
At this point we don't know the exact answer from the gravity dual computation, so we can think of this result a prediction for the bulk point singularity limit of a one loop Witten diagram. The naive interpretation of this is that the exponent for the singularity is given by the same as the single-exchange plus a 2d coming from the loop integration.
Eikonal resummation
By noticing that the bulk point singularity increases with the number of loops, we might wonder if the expansion in loops at the singularity converges. We want to ask the question if similarly as in flat space, the sum of loop Witten diagrams in the bulk point limit "exponentiate". In order to study that, we want to use the eikonal approximation of the gravitational flat space s-matrix to compute the corresponding bulk point limit of the correlator.
Eikonal approximation for the gravitational s-matrix
In this subsection we would like to remind ourselves very quickly the eikonal approximation in gravitation scattering. The eikonal regime, namely −t/s << 1, turns out to be well described by summing ladder and crossed ladder diagrams, which essentially exponentiates a single-graviton exchange in the so-called phase-shift and in terms of this phase the scattering amplitude is given by the transversal Fourier transform of the resummed graphs, concretely [41] [42] [43] [44] ,
Where we denoted by b the impact parameter and by χ the phase-shift. This approximation is expected to be valid for relatively large impact parameters withing the following energy region [45] , 2) or equivalently ,
and small angles ,
G d+1 being the (d+1)− dimensional Newton's gravitational constant. As we mentioned, the leading contribution to the phase-shift at the Eikonal limit is given by the tree level single-graviton exchange (3.16) . From this expression, the phase-shift χ can be computed by inverting the transverse Fourier transform at equation (4.1) and replacing T eik with (3.16), resulting in,
5)
with D = d + 1. One can notice that the phase shift depends only on the magnitude of the transversal impact parameter vector b and henceforth when plugging in back into (4.1) we can immediately integrate over angular coordinates, to obtain [44] ,
where J ν (x) is the Bessel function of first kind and we have defined h = κ 2 D 2(D−4)Ω D−3 to unclutter the notation. In d = 4 it simplifies further to,
ignoring for now the identity contribution, which will give us the vacuum contribution, we can integrate the exponential, (4.10)
In order to reproduce the leading exchanged graviton we should take the argument of the Kelvin function small, i.e Θ < 1, and therefore the Kelvin function can be Taylor expanded. The leading term of this expansion is just 1/2 and we recover the single graviton exchange result (3.17).
The eikonal resummation allow us to take the opposite limit as well. For large values of the argument, the Kelvin function behaves as,
where f (x) and g(x) are given as a series expansion in 1/x and whose leading order term is respectively,
Therefore, for large argument we can approximate,
and the eikonal s-matrix simplifies in this limit to,
being H (1) ν (2Θ) the Hankel function of the first kind. Interestingly the amplitude behaves oscillatory for large Θ, but is important to notice that in this ultra energetic regime, we expect quantum gravity contributions to start dominating and therefore we should not expect (4.14) to hold.
At this point is worth looking into the regime of validity of the parameters. The eikonal approximation of the s-matrix is valid as long as the impact parameter is larger than the Schwarzschild radius of a mass corresponding to the center of mass energy b > R S (∆) ∼ (G D ∆) 1/(D−3) , in other words Θ < b d−2 , and as we just mentioned in the paragraph above, Θ can not be too large.
On the other hand, we also have to satisfy ξ∆ ∼ O(1) and therefore,
This means that we should consider a large impact parameter compare to ξ, but at the same time we need a large AdS radius such as b << R AdS , in order to avoid contributions from the curvature of space time, so the conformal field theory should be strongly coupled.
From eikonal s-matrix to the bulk point singularity
We now want to see how the correlation function looks like at the bulk point singularity as computed from the eikonal flat space result. For that we need to plug (4.6) into (3.5),
This integral is hard to compute in general dimension, but we can restrict ourselves again to d = 4, yielding a fairly large expression,
and u(φ) ≡ −h 2 sin 2 φ 2 . This is not a very illuminating expression, but we can see right away from the global factor at the first line that the leading singularity behaves as 1/ξ d−3 , and the other terms are polynomials in ξ smoothing out the singularity. Also the argument η in the hypergeometric functions is very small so all the hypergeometrics are essentially one. The function u(φ) is also very small. The leading term is then given by,
We believe this correlator should be thought as a resummation of a loop expansion at the bulk point singularity of Witten diagrams with only graviton exchanges.
The reason why we expect a singularity of the form 1/ξ d−3 for the full correlator has been explained in [29] , and it comes from the fact that at the ξ → 0 limit the configuration (2.6) is invariant under transformations by the group SO(1, d − 2) , and therefore the singularity should arises from the action of this non-compact group. It is natural to believe that this singularity behavior will be present in any interacting conformal field theory. Let us consider quickly the case for the O(N ) model as a simple example of this.
The four-point function of the O(N ) model, has been computed at leading order in a large N expansion in [46] (see also [47] for more recent analysis of anomalous dimension in the O(N ) model) and is given by,
with (4.20) and 2h = d. We then can use the results from Appendix B [25] to extract the small ρ behavior of the D−functions as we did in previous sections,
(4.21)
The first term of the four-point correlation function (4.19) at the small ρ limit, looks like,
displaying a singularity of the form 1/ξ d−3 as claimed.
Inverse map
In this section we would like to invert the formula (3.5) in order to find a representation for the flat space s-matrix in terms of conformal correlation functions. In the following we are going to focus in d = 4, but we believe the arguments can be straightforwardly generalized to other dimensions.
In order to invert equation (3.5) we are going to use the following integral,
allowing us to write (2.17) as,
If we consider a polynomially bounded S-matrix, this integral is peaked around the region ∆ ∼ B, and therefore we can approximated it as,
This expression can in turn be tought as a conformal field theory rederivation of Penedones-Okuda formula derived from the gravity side in [28] (see equation (2.13) there) 7 . Even though we were unable to proved it for general dimension, we find natural to conjecture the form of this limit at arbitrary dimensions as,
In principle, we can plug in any four-point correlation function and associate to it a flat s-matrix throughout the mapping above. However, this does not imply we will get a physically acceptable flat space s-matrix associated to a particular theory. Nevertheless, we can use this as a representation for scattering in flat space as an expansion in conformal invariant functions, regardless whether the latest is indeed a physical observable of a particular conformal field theory.
Conclusions
In this paper we have studied the bulk point singularity limit of correlation functions in generic conformal field theories. By using the fact that the conformal blocks at the bulk point singularity can be written in terms of spherical harmonics, we have proposed an expansion of four-point correlation functions in terms of a s-matrix in flat space.
We have use this mapping to transform flat-space gravitational scattering to correlation functions associated to Witten diagrams in AdS at the bulk point singularity, and shown that indeed the map reproduce the known results from direct previous calculations of Witten diagrams.
We have also shown that the eikonal resummation of gravitational scattering maps to a full correlation function with the expected behavior at the bulk point singularity that might be thought as a resummation of Witten graviton ladder exchanges around the singularity.
Finally, we have computed the inverse map transforming conformal invariant functions into flat space scattering reproducing a previous proposal computed from the gravity side in [28] , providing a representation of the s-matrix as an expansion in conformal basis at the bulk singularity.
It would be nice to contrast the computations of this paper against bulk point singularity limits of higher order loop Witten diagrams perhaps by using any of the growing recent methods on the 7 In order to compare, notice that in [28] equation (2.13) , there is a global factor of l 3 s √ stu ∼ ∆ 3 | sin φ| subject [48] [49] [50] [51] [52] [53] [54] [55] The eikonal approximation in AdS space have been thoroughly studied in a series of inspiring papers [30] [31] [32] [33] [34] . It would be interesting to see if there is a similar treatment for the ideas pursued in this paper.
